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Abstract
At the dawn of a golden age for gravitational wave astronomy, we must leave no
stone unturned in our quest for new phenomena beyond our current understanding
of General Relativity (GR), particle physics and nuclear physics. In this paper we
discuss gravitational echoes from ultracompact stars. We restrict our analysis to
exact solutions of Einstein field equations in GR that are supported by physically
motivated equations of state (EoS), and in particular we impose the constraint of
causality. Our main conclusion is that ultracompact objects supported by physi-
cal EoS are not able to generate gravitational echoes like those that characterize
the relaxation phase of a putative black hole mimicker. Nevertheless, we identify
a class of physical exotic objects that are compact enough to accommodate the
presence of an external unstable light ring, thus opening the possibility of trap-
ping gravitational radiation and affecting the ringdown phase of a merger event.
Most importantly, we show that once rotation is included these stars – contrary to
what usually expected for ultracompact objects – are not plagued by any ergore-
gion instability. We extend our analysis for arbitrary values of angular velocity
up to the Keplerian limit, and we comment about potential signals relevant for
gravitational wave interferometers.
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2
1 Introduction and motivations
Neutron stars (NSs) comprise one of the possible evolutionary end-points of high mass stars.
NSs are a degenerate state of matter that is formed after the core collapse in a supernova
event, where the electrons fall into nuclear matter and get captured by protons forming neu-
trons [1]. The actual composition of NSs – especially in the inner core – is still unknown,
and their extreme conditions cannot be reproduced in a laboratory. In the era of Gravita-
tional Wave (GW) physics the characterization of the GW signal emitted by compact binary
sources will play a forefront role in understanding the NS properties [2]. In this respect,
the first observation (GW170817) of GWs from a binary neutron star inspiral [3] represented
an excellent laboratory to study high-density nuclear physics, and – very remarkably – it
allowed putting non-trivial constraints on a generic family of neutron-star-matter Equations
of State (EoS) that interpolate between state-of-the-art theoretical results at low and high
baryon density [4,5]. The situation is summarized in Fig. 1. We show the mass-radius (M-R
hereafter) relation – obtained by solving with standard methods the Einstein’s equations for a
non-rotating spherically symmetric fluid star – for various EoS (extracted from the tabulated
results of [6]). The region shaded in green (taken from [4]) is compatible with the observations
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Figure 1: M-R relation for ordinary NSs in the static limit for various EoS (solid black lines).
The green region (from [4]) is compatible with the observations of NSs with mass M ' 2M
and with the bound on the tidal deformability parameter Λ < 800 [3].
of NSs with mass M ' 2M [7, 8] and with the bound on the so-called tidal deformability
parameter Λ < 800 extracted from the GW signal in [3].
On general grounds, there are three important regions in the M-R plane describing compact
astrophysical objects. The black hole (BH) region (black-hatched in Fig. 1) is limited by the
3
condition R = 2M while compact objects with 4/9 < M/R < 1/2 (region shaded in gray in
Fig. 1) violate the so-called Buchdahl limit - an upper limit on compactness of fluid stars [9].1
This limit describes the maximum amount of mass that can exist in a sphere before it must
undergo gravitational collapse. Finally, compact objects with 1/3 < M/R < 4/9 (white-
hatched region in Fig. 1) do not violate the Buchdahl limit and possess a photon sphere, that
is the unstable circular null geodesic of the external Schwarzschild spacetime metric. The
latter property may play an important role for the characterization of the GW signal emitted
in the final state of a compact binary merger. If the object originating from the merger
process is sufficiently compact to have a photon sphere, the post-merger ringdown waveform
is believed to be initially identical to that of a BH with modifications encoded in subsequent
pulses of gravitational radiation (dubbed “echoes”) [10].
The possibility of observing GW echoes seems to be particularly true in the case of BH
mimickers [11–13], objects that for an external observer are in all respects identical to BHs
except for the presence of putative deviations from the prediction of general relativity (GR)
at the position of the event horizon. These objects can evade the Buchdahl limit, and, as
a consequence, their radius can be arbitrarely close to the BH limit. Objects that fall into
this category are, to name a few, gravitational vacuum stars (a.k.a. gravastars) [14, 15],
Lorentzian traversable wormholes [16], matter-bumpy BHs [12, 17], Kerr-like wormholes [18]
and Fuzzballs [19]. The possible presence of BH mimickers – and the consequent detectability
of their gravitational echoes – is a tantalizing hypothesis but it is fair to remember that the
existence of none of the aforementioned objects has solid theoretical ground.2 Nevertheless,
following a pure phenomenological approach, a rich search program for echoes in current
and future GW interferometers is undergoing [21–25]. Furthermore, a tentative evidence
(with significance of 2.5σ) of gravitational echoes in the three BH merger events GW150914,
GW151226, and LVT151012 was proposed in [26] (see also [27–30] for further discussions),
and, even more interestingly, in the NS merger event GW170817 [31] (with significance of
4.2σ). Even if the statistical significance of these tentative analysis is far from being con-
vincing, the relevance and the implications of a possible future detection are, indisputably, of
major importance.
Recently [32], it has been pointed out that gravitational echoes are not a unique prerogative
of deviations from GR at the horizon scale but similar signals may arise in the presence of
compact exotic fluid stars with 1/3 < M/R < 4/9, thus featuring a photon sphere (see
also [33, 34] for earlier theoretical studies). As is clear from Fig. 1, this possibility cannot be
realized by viable neutron-star-matter EoS. Thus, as a baryonic realization seems implausible,
Ref. [32] considered constant-density stars (CDS) as a toy model for exotic stars capable of
producing gravitational echoes – in this case stable configurations arbitrarily close to the
Buchdahl limit exist. However – as already noticed in [32], and reiterated in [35] – a CDS
represents an unphysical system because an incompressible fluid violates causality. The aim
of this article is to investigate under which physical conditions, if any, gravitational echoes
1Throughout this paper, we shall use a geometrized unit system with c = GN = 1.
2However, see [20] for a recent discussion about a possible model for gravastars.
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could be produced by compact exotic objects and what is the microphysics that could support
the required high compactness.
This article is outlined as follows: In section 2 we consider static ultracompact exotic
objects with a well defined microphysics. Section 3 deals with the quasinormal modes and
the viability of GW echoes from such objects. In section 4 we discuss the effect of rotation on
light rings and gravitational echoes. We conclude in section 5. Some technical details related
to the Buchdahl limit, boson stars and the Hartle-Thorne approximation for rotating stars
are collected into the appendix A, B and C, respectively.
2 Ultracompact exotic stars
The dynamics of compact objects depends on both their matter content and the underlying
gravitational theory. To limit the theoretical possibilities we will work within the limits of
GR and study matter satisfying reasonable physical assumptions. In this section we will
consider solutions of the Einstein’s equations for the gravitational field produced by a static,
spherically symmetric mass distribution. As a consequence of the Birkhoff’s theorem [36] the
exterior of such stars are described by the Schwarzschild solution.3
The general spherically symmetric static spacetime in Boyer-Lindquist type coordinates
(t, r, θ, φ) reads
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2
(
dθ2 + sin2 θdφ2
)
, (1)
In the most general case the matter inside a static spherically symmetric star is described by
the stress energy tensor
Tµν = diag(ρ, Pr, Pt, Pt) , (2)
where ρ is the proper energy density, Pr denotes the radial pressure and Pt the tangential
pressure. The (t, t) and (r, r) components of the Einstein’s equations Gµν = 8piTµν , together
with the r component of the continuity equation ∇µTµν = 0, then yield the system
m′ = 4pir2ρ , (3)
ν ′
2reλ =
m
r3
+ 4piPr , (4)
P ′r = −
1
2(Pr + ρ)ν
′ − 2∆
r
, (5)
where ∆ ≡ Pr − Pt measures pressure anisotropy. The function m(r) is related to the metric
coefficient λ(r) by means of e−λ(r) = 1 − 2m(r)/r, and can be interpreted as the mass-
energy enclosed within the radius r. For the sake of compactness we omitted the functional
dependence from the radial variable and denoted the derivative with respect to the radial
coordinate by the prime. Eliminating ν ′ from the continuity equation yields the anisotropic
3This is Birkhoff’s theorem [36]. However, notice [37] that the result was first derived and published by
Jebsen [38].
5
generalization of the Tolman-Oppenheimer-Volkoff (TOV) equation,
P ′r = −
(Pr + ρ) (m+ 4pir3Pr)
r2(1− 2m/r) −
2∆
r
. (6)
Eq.s (3-5) must be supplemented by additional identities relating ρ, Pr and ∆ to close
the system. These may include field equations of matter comprising the star and may re-
place Eq. (5) in practical computations. The solutions must satisfy the boundary condition
e−λ, eν → 1 − 2M/r when r → ∞, where M is the mass of the star. The radius of the star
can be defined as the value of the radial coordinate R at the point where pressure drops to
zero, so M = M(R), e.g. for perfect fluid stars, or, if the star lacks a sharp boundary, e.g. in
case of boson stars, one can define an effective radius that contains a fixed fraction, usually
99%, of the total mass, so m(R) ≡ 0.99M .
Production of GW echoes requires the existence of a photon sphere, implying that the
compactness C ≡ M/R must be larger than 1/3 – such stars are dubbed ultracompact. It is
thus important to know what kind of matter may support that kind of compactness. Irre-
spectively of their composition, stars with a monotonously decreasing energy density profile
and a positive pressure anisotropy,
ρ′ 6 0 , ∆ > 0 , (7)
must satisfy [39] (for a proof see appendix A)
Buchdahl limit C 6 49 (8)
as long as ν ′ is continuous. This bound is slightly lower than the compactness of BHs, C = 1/2.
We remark that if Eq. (7) is satisfied then it must be saturated in order to saturate Eq. (8).
Such stars have isotropic pressure and constant density. These extremal conditions make CDS
an important toy model for compact objects. The inequalities in (7) are relatively mild as we
will argue based on the examples of fluid stars and boson stars.
Isotropic perfect fluids are described by ∆ = 0 and an EoS ρ = ρ(P ). We denoted
P ≡ Pr = Pt. The EoS together with Eq.s (3, 6) form a closed system that can be integrated
from the origin outward with initial condition m(r = 0) = 0 and an arbitrary choice for
the central density until the pressure becomes zero. The latter condition defines the surface
of the star r = R, with the mass of the star given by M ≡ m(R). Outside the mass
distribution, which terminates at the radius R, there is vacuum with ρ(r) = P (r) = 0 and so
νext(r) = −λext(r) = log(1−2M/r). We remark that for perfect fluids the continuity equation
P ′ + ν ′(ρ + P )/2 = 0 can be integrated without explicitly knowing the radial dependence of
ρ and P , yielding
νint(r) = −2H[P (r)] + log (1− 2M/R) , (9)
where H(P ) ≡ ∫ P0 dP/(P + ρ(P )) is the pseudoenthalpy. The constant of integration was
fixed by matching the interior and the exterior metric at the surface of the star. Notably,
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perfect fluid stars that satisfy the weak energy condition and are microscopically stable obey
both conditions (7) and thus also the Buchdahl limit (8) [9]. Under these assumptions, ρ′ 6 0
follows from the TOV equation (6), while ∆ > 0 is satisfied trivially by definition. If, in
addition, one also assumes causality, the maximal compactness of fluid stars is constrained
even further, with Cmax = 0.354 [40–42].
A phenomenologically well motivated example of exotic stars with anisotropic pressure
are boson stars (for reviews see e.g. [43, 44] and appendix B for field equations). Since static
non-topological scalar field solutions can not be stable [45] boson stars are usually constructed
from a complex scalar field Φ with the stationary field configuration Φ(r, t) = φ(r) exp(−iωt).
In this case the spacetime remains static in spite of a time dependent field. The dynamics
of the scalar field is determined by its potential V (|Φ|). Common examples considered in
literature are the mini boson star with V (Φ) = µ2|Φ|2 that support a maximal compactness
Cmax ≈ 0.08 [46], massive boson star with V (Φ) = µ2|Φ|2 + λ|Φ|4/2 and Cmax ≈ 0.16 [47–49]
and solitonic boson stars with V (Φ) = µ2|Φ|2(1 − |Φ|2/σ20)2 and a maximal compactness
Cmax ≈ 0.349 [50,51].
In all cases listed, the Buchdahl bound (8) is satisfied, thus, even if it may be a coincidence,
it makes sense to consider their relation to conditions (7). First, the pressure anisotropy of
boson stars is positive, ∆ = 2e−λ(φ′)2 > 0, as required by the second condition in (7). So, to
evade the Buchdahl limit, the boson star has to contain regions with a growing energy density.
This might require exited states or bumpy potentials. Namely, if we limit the discussion
to ground state configurations where the field is monotonous in the radial coordinate, the
condition ρ′ 6 0 holds if the pressure is positive and the potential decreases monotonously
within the star, V ′ 6 0. This is so because for boson stars ρ − Pr = 2V , so V ′ 6 0 implies
ρ′ 6 P ′r . Since boson stars satisfy the weak energy condition, then Pr > 0 implies P ′r 6 0 by
the TOV equation and therefore ρ′ 6 0. So, at least in some fairly generic cases boson stars
will respect the Buchdahl limit.4
For monotonously decreasing fields, V ′ 6 0 is implied by ∂V/∂φ > 0. The last condition
is satisfied in mini boson stars and massive boson stars, but it can be violated in solitonic
boson stars (see examples in appendix B). Namely, the most compact configurations of the
solitonic boson star are characterized by an interior region where the field is roughly constant
that is surrounded by a shell with a thickness of the order of µ−1. Within this shell, the field
transitions to the true vacuum and, as the field rolls over the potential barrier, a sharp peak
in the energy density arises. Solitonic boson stars attain their maximal compactness in the
limit σ0 → 0, where the shell becomes infinitesimally narrow. In this case the solution can be
obtained by first solving the TOV equations with the ansatz P = ρ ∝ exp(−2ν) inside the
star and then matching ν smoothly to the exterior Schwarzschild spacetime [51, 52]. As this
calculation is independent of the shape of the potential, this limiting case may be considered
universal. In particular, the parameters within the potential do not determine the stars
4Note that in this case 0 > P ′r/ρ′ > 1, where P ′r/ρ′ ≡ dPr/dρ may be interpreted as the square of an
effective speed of sound. Of course, this quantity will depend on a given solution as there is generally no
unique relation between Pr and ρ in boson stars.
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compactness. Instead, they mainly serve to fix the scale of boson stars mass, m4Pl/(µσ20).
Although the solitonic boson star is an example of a compact object that does not assume
exotic matter and can also evade the conditions (7), its maximal compactness does not surpass
the maximal compactness allowed for physical fluid stars.
In the following we shall thus focus on fluid stars. On top of an EoS P = P (ρ), we will
require the additional conditions, that should be satisfied for any physically viable fluid star:
1. Matter satisfies the weak energy condition5
ρ > 0 , ρ+ P > 0 . (10)
In other words, the star is made of non-exotic matter.
2. Matter is microscopically stable. This assumption can be equivalently formulated in
terms of the requirements
P > 0 , dPdρ > 0 . (11)
In the presence of negative pressure, collapse is energetically favored. If P > 0 but
dP/dρ < 0, the system is unstable with respect to volume fluctuations since a con-
traction would imply a decrease of the pressure and, consequently, generate a further
contraction. Note that ρ+P > 0 and P > 0 are equivalent when dP/dρ > 0 and ρ > 0
are assumed.
3. The speed of sound of the fluid cs – that is the speed at which pressure disturbances
travel in the fluid – respects the causality constraint
cs =
(
dP
dρ
)1/2
6 1 . (12)
We remark that the first two conditions exclude traversable wormholes, another class of
potential candidates of compact objects, as they necessarily violate the weak energy condi-
tion [16,53].6 For similar reasons we will also not consider gravastars – they violate the second
condition since they are supported by an inner core with negative pressure confined inside a
thin shell of ultra-relativistic stiff matter. Furthermore, gravastars require a negative pressure
anisotropy in order to avoid the presence of a pressure discontinuity at the junction between
the inner core and the crust [59].
2.1 Constant density stars
The Buchdahl limit in (8) does not pose any obstruction against the existence of ultracompact
stars with
Ultracompact stars 13 6 C 6
4
9 (13)
5In full generality, the weak energy condition stipulates that ρ > 0 and, for each i, ρ+ Pi > 0.
6Traversable wormholes without exotic matter may be possible within modified gravity (see e.g. [54–58]).
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However, we remark that the derivation of the Buchdahl limit did not use the causality
condition 3. In this sense, the case of CDS is a representative example for compact objects
that respect the Buchdahl limit, have the chance to be ultracompact but violate the causality
condition. This is indeed the case explored in [32] to discuss gravitational echoes in the context
of ultracompact stars. The M-R relation is given by M = 4piρ0R3/3, where ρ0 = 3C/4piR2 is
the constant density of the star. The TOV equation can be analytically integrated, and the
pressure inside the star is given by
PCDS(r) =
3C
4piR2
 (1− 2C)1/2 − (1− 2Cr2/R2)1/2
(1− 2Cr2/R2)1/2 − 3 (1− 2C)1/2
 , (14)
while the metric function ν(r) is given by
eνCDS(r) =
[3
2 (1− 2C)
1/2 − 12
(
1− 2Cr2/R2
)1/2]2
. (15)
The Buchdahl limit C 6 4/9 follows from the stability requirement P > 0 at the center of the
star. A CDS saturating the Buchdahl limit has infinite central pressure.
Another relevant quantity related to gravitational echoes is the echo frequency. As we will
show shortly, CDS will produce the highest echo frequencies when compared to other fluid
stars with the same mass and radius. The echo frequency can be roughly estimated from the
inverse of the time τ it takes a massless test particle to travel from the unstable light ring to
the center of the star,
τecho ≡
∫ 3M
0
dr e(λ(r)−ν(r))/2 . (16)
The corresponding echo frequency is f ≈ pi/τecho.
The geometry of the fluid stars satisfies the following constraints
eν(r) 6 eνCDS(r) , eλ(r) > eλCDS(r) = (1− 2Mr2/R3)−1 , (17)
where the metric components for the CDS are evaluated for the same mass and radius (for
details see appendix A). Thus for a fluid star with compactness C and mass M the following
limit holds
τecho
M
> τecho
M
∣∣∣∣
CDS
=
cot−1
(√
4− 9C
)
+ tan−1
(
3/
√
4− 9C
)
C2
√
4− 9/C
− 2 log
( 1
C − 2
)
+ 3− 1C . (18)
Note that τecho →∞ as C → 4/9.
Although CDS provide a useful analytic toy model, they are unphysical because, as in
any other ideal incompressible fluid or medium, the speed of sound is infinite. It is therefore
important to investigate what are the restrictions imposed by causality on the ultracompact
condition in (13).
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Figure 2: The M-R curves for different linear EoS ρ = ρ0+P/ω. The red M-R curve saturates
the causal limit, the magenta curves violate causality and the green curves obey it. The M-
R curves are bounded by the dash-dotted curve obtained numerically, and the dotted curve
representing the M-R relation of CDS, M = ρ0(4pi/3)R3, which also corresponds to limiting
case ω →∞. The mass and radius are given in units of ρ−1/20 .
2.2 Causality and maximal compactness
Causality (12) implies that the speed of sound in the medium should always be smaller than
the speed of light. Together with stability they impose the condition 0 6 c2s ≡ dP/dρ 6 1 on
the EoS. For the sake of generality we will consider the constraint 0 6 dP/dρ 6 ω instead,
allowing also for non-causality, ω > 1. The integrated equivalent of this condition implies
that such EoS should satisfy
P/ω > ρ(P ) > ρ0 + P/ω for all P > 0, (19)
where ρ0 > 0 is a constant. Notice the strict inequality: ρ0 < 0 is clearly excluded by the
condition ρ(P ) > 0 for P > 0, while ρ0 = 0 is excluded because the EoS ρ(P ) = P/ω does
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Figure 3: The maximal compactness for the LinEoS. The numerical estimate obtained by
solving the TOV equation is denoted by red dots. The dashed blue curve corresponds to the
analytic interpolation (21). The red region is excluded by causality and the green region
contains stars with a photon sphere. The region shaded in blue on the left of the vertical
dashed red line, therefore, encompasses physically viable solutions.
not support stable stars.7
The condition dP/dρ 6 ω, or equivalently (19), is saturated by the linear EoS (LinEoS
hereafter),
ρ(P ) = ρ0 + P/ω , (20)
which describes the stiffest possible EoS as the speed of sound, cs =
√
ω, takes the maximal
value throughout the star. In the left panel of Fig. 4 we highlight the comparison with the
EoS of a CDS. It is seen that the latter can be obtained in the limit ω →∞.
The maximal compactness for a given LinEoS (20) is a function of ω only, since ρ0 be
absorbed in the redefinitions P˜ ≡ P/ρ0, ρ˜ ≡ ρ/ρ0.8 The maximal compactness for the
LinEoS for a given ω can be approximated the rational function
min(ω) ≈ 0.77 + 0.51ω
ω (4.18 + ω) , where  ≡
4
9C − 1 , (21)
quantifies the distance from the Buchdahl bound. The numerical results for the compactness
of the LinEoS are summarized in Fig. 3, where the red dots represent the numerical estimates
while the blue line corresponds to the analytic approximation (21). The analytic fit (21)
deviates from the numerical prediction by at most 3.6% .
7Since the TOV equation (6) with an EoS P = ωρ (with ω > 0) does not contain any explicit scales,
then given a solution m(r) other solutions can be obtained by the rescaling m(r) → αm(r/α), where α is a
constant. This would imply M ∝ P−1/2c , i.e the mass decreases with increasing central pressure indicating
instability against spherical perturbations. Moreover, because the exact solution m(r) = 2rω/(1 + 6ω + ω2)
is an attractor when r →∞, such stars do not even possess a well defined boundary.
8This is equivalent to working in units where ρ0 = 1.
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Figure 4: Left panel. Comparison between the LinEoS (solid red) and the EOS for a CDS
(dashed red) for different values of ω. Right panel. Modifications of the LinEoS in the outer
region of the star according to the parametrization proposed in Eq. (23).
The M-R curves of the LinEoS (20) are shown in Fig. 2 for ω ranging from 0.01 to 100. It
can be seen that for low masses the M-R curve roughly follows a star with constant density
ρ0. The density in such stars is approximately constant, ρ ≈ ρ0, so the pressure inside the
star must satisfy P  ωρ0. On the other hand, when P  ωρ0 in the center of the star, the
density profile will be cored and the M-R curve can rise above the M-R curve for the CDS.
Unlike the CDS, however, the LinEoS can not support an infinitely high pressure. When
the pressure is increased above some critical value, the mass will begin to decrease and the
star becomes unstable [60]. The maximal compactness of the CDS and LinEoS are thus
determined by fundamentally different mechanisms: for the LinEoS it is set by the stability
of the star while, for the CDS it follows from the positivity of the gtt component of the metric,
given by Eq. (15).
The LinEoS (20) deserves attention as another extremal toy model since it produces the
most compact stars from all possible EoS satisfying dP/dρ 6 ω. For all such stars
 > min(ω) . (22)
The allowed values for compactness are depicted by the blue region in Fig. 3. Although
a rigorous analytic proof of this statement is missing, it is supported by numerical studies
which has so far failed to provide counterexamples. We remark that although it is proved that
saturating the bound for causality or microscopic stability, 0 6 dP/dρ 6 1, gives the extremal
mass for a fixed central density and pressure [61], this does not imply maximal compactness.
In fact, it is relatively easy to produce counterexamples, e.g. configurations where a LinEoS
with a smaller ω but gives a more compact star if the central density and pressure are fixed.
As a consistency check, for ω = 1 we find that Cmax = 0.354, which matches the previously
obtained upper bounds on compactness from causality [40–42].
To test the hypothesis (22) that the LinEoS yields the most compact stars we compared
the LinEoS (20) with other EoS satisfying dP/dρ 6 ω. This is illustrated in Fig. 4 where we
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Figure 5: Left panel. M-R relation for the modified LinEoS in the right panel of Fig. 4. Right
panel. Relation between central pressure and compactness for the same modified LinEoS. In
the inset plot we show the radial profile of the energy density (normalized w.r.t. its central
value).
test modification of the EoS P˜ = ρ˜ − 1 (thus with ω = 1) with a decrease in the speed of
sound in the outer region of the star. As an example, consider modifications with a functional
form
P˜ = ρ˜
(
ρu/ρ0 − 1
ρu/ρ0 − ρd/ρ0
)
− ρd
ρ0
(
ρu/ρ0 − 1
ρu/ρ0 − ρd/ρ0
)
≡ aρ˜− b . (23)
The M-R curves corresponding to the linear and the modified EoS are shown in the left panel
of Fig. 4 while the right panes depicts the compactness C against the central pressure Pc.
Fig. 5 also indicates that the LinEoS generally allows higher central pressures.
The upper bound (22) also applies to stars composed of different types of matter, each
with their own density ρi and Pi satisfying 0 6 dPi/dρi 6 ωi. The TOV equation (6) is then
expressed in terms of the total density and pressure, ρ = ∑i ρi, P = ∑i Pi. Although there is
no unique relation between ρ and P in that case, it holds that inside the star
dP
dρ ≤
∑
i
ωi
ρ′i
ρ′
≤ max ωi , (24)
given that ρ′i ≤ 0. The latter condition is implied by the TOV equations for individual
matter components if all components are microscopically stable and satisfy the weak energy
condition. If ρ is a decreasing function inside the star, it can substitute the radial coordinate
and we may use dP/dρ ≡ P ′/ρ′ to define a effective equation of state. Thus, if (22) holds for
a single fluid star, it will also hold for stars containing multiple fluids with max ωi 6 ω.
In Fig. 2 we used dimensionless values of mass and radius in units of ρ−1/20 . In order to
gain some intuition about the typical size of these objects we need to specify its value. For
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definiteness, let us focus on the case saturating the causality bound ω = 1. The maximal
mass corresponds to
M ' 3×
(
ρ0
5× 1014 g/cm3
)−1/2
M , R ' 12.5×
(
ρ0
5× 1014 g/cm3
)−1/2
km (25)
It is thus not implausible to speculate about the possible existence of ultra-high density
exotic fluid stars with maximally stiff EoS and mass exceeding the maximal mass expected
for conventional NS at the same value of R (cfr. Fig. 1).
3 Quasi-normal modes, light rings and ringdown
As a consequence of a generic perturbation, the metric functions in Eq. (1) and the fluid
variables change by a small amount with respect to their unperturbed values. The dynamics
of the perturbed system is described by the Einstein’s equations coupled to the hydrodynam-
ical equations and the conservation of baryon number. A remarkable result – obtained after
expanding in tensor spherical harmonics – is that the perturbed equations decouple into two
sets according to the parity of the harmonics: polar (or even) and axial (or odd) perturba-
tions. Noticeably, the same distinction is valid for a Schwarzschild BH. In that case, however,
polar and axial perturbations are isospectral. In the case of stars, on the contrary, the po-
lar and axial perturbations are fundamentally different since the former couple metric and
hydrodynamical perturbations while the latter describe pure spacetime perturbations. This
separation is strictly true for a non-rotating star. In order to enforce the parallel between
exotic stars and Schwarzschild BHs, we are only interested in spacetime perturbations, and
from now on we shall focus on the axial modes. In this case, perturbations of the line element
in Eq. (1) reduce to a single wave equation of the form[
∂2
∂t2
− ∂
2
∂r2∗
+ Vs,l(r)
]
Ψs,l(r∗, t) = 0 , (26)
where we introduced the Regge-Wheeler “tortoise” coordinate dr∗ = e(λ−ν)/2dr, and where
the effective radial potential is
Vs,l(r) = eν(r)
{
l(l + 1)
r2
+ 1− s
2
2reλ(r) [ν
′(r)− λ′(r)] + 8pi[P (r)− ρ(r)]δs,2
}
. (27)
The tortoise coordinate r∗ has an important physical meaning. In the metric described by
the line element in Eq. (1), radial null geodesics obey ds2 = −eνdt2 + eλdr2 = 0, and we have
dt/dr = ±e(λ−ν)/2. This equation can be integrated and solved for t = t(r), and, schematically,
we find t =
∫
dre(λ−ν)/2 = r∗. This means that the tortoise coordinate measures the coordinate
time that elapses along a radial null geodesics. In Eq. (27) the azimuthal quantum number
satisfies l > s, and s = 0,±1,±2 for scalar, vector and tensor modes, respectively. The
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Figure 6: Effective radial potential in Eq. (28) as function of the tortoise coordinate for a
Schwarzschild BH (left panel) and a CDS (right panel).
effective potential or axial gravitational perturbations – after using the field equations –
reduces to
V2,l(r) = eν(r)
[
l(l + 1)
r2
− 6m(r)
r3
− 4pi(P − ρ)
]
. (28)
We look for stationary solutions of Eq. (26) in the form Ψ2,l(r, t) = e−iωtψ2,l(r). The radial
mode thus satisfies the time-independent Schro¨dinger-like equation
d2ψ2,l
dr2∗
+
[
ω2 − V2,l(r)
]
ψ2,l = 0 . (29)
For a Schwarzschild BH one finds
V BH2,l (r) =
1
r3
(
1− 2M
r
)
[l(l + 1)r − 6M ] , r∗ = r + 2M log
(
r
2M − 1
)
. (30)
The potentials in Eq. (28) and Eq. (30) are shown in Fig. 6 (in the right and left panel,
respectively). As a benchmark example, we consider a CDS with compactness C = 0.44 > 1/3.
The surface of this star is located at R = M/C < 3M , and – as evident in both the left and
right panel of Fig. 6 – the exterior Schwarzschild potential has a barrier at r ' 3M : This is the
location of the unstable circular null geodesic for a Schwarzschild spacetime, a.k.a. the light
ring.9 The important difference is that the Schwarzschild potential vanishes at the BH horizon
(corresponding to r∗ → −∞ in tortoise coordinate) while the potential of a perturbed star
tends to infinity at r = 0 because of the presence of the centrifugal contribution l(l+1)/r2. A
trivial consequence of that is that the potential of the ultracompact star enjoys the presence
9To be more precise, the light ring at r = 3M corresponds to the position of the maximum of the potential
barrier obtained for s = l = 1 since this is the case describing massless photons. However, with a slight
abuse of language, we shall denote as “light ring” also the position of the maximum of the barrier describing
gravitational perturbations, r ' 3M .
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Figure 7: The effective potentials of the maximally compact stars with a LinEoS ρ = ρ0 +
p/ω. The red line corresponds to the maximally compact star saturating the causal limit.
The magenta potentials have a non-causal LinEoS with ω > 1. The green potentials respect
causality yet they do not possess a deep enough potential well to produce gravitational echoes.
of a potential well in between the light ring at r = 3M and the center of the star. This also
means that the star possesses a second (stable) light ring at the minimum of the potential.
This observation is, in fact, very general: all horizonless compact objects that are formed of
matter satisfying the null energy condition, and that possess an unstable light ring – which is
a necessity for the production of gravitational echoes – will also have a stable light ring [62].
The situation for compact stars governed by the LinEoS is illustrated in Fig. 7. Of
particular relevance is the ω-dependence. At large ω  1 the potential shows the same
qualitative features compared to CDS with a deep well in which radiation can be easily
trapped. This situation is, however, unphysical due to violation of causality. For physical
values ω 6 1 the potential well rapidly disappears.
An important comment that concerns the unavoidable presence of an internal stable light
ring is mandatory. Spacetimes with a stable light ring may be non-linearly unstable because,
roughly put, a stable light ring is able to trap radiation faster than it can escape the star,
thus perturbations can accumulate until non-linear effects become relevant [62–64]. To be
more precise, it was shown in [63] that metric perturbations of ultracompact stars cannot
decay, at the linear level, faster than logarithmically. This is supposed to be problematic
because, when proving stability at the full non-linear level, one usually requires faster-than-
logarithmic decay of linear perturbations. In this sense, the instability related to the stable
light ring would manifest itself only at the non-linear level, and – given the level of complexity
of these computations for non-trivial space-time metrics and also their possible dependence
on the matter field equations – no firm conclusion about its actual presence can be made. In
the following, we shall continue our discussion under the tacit assumption that the instability
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associated with the stable light ring, if any, operates on timescales longer than a Hubble time.
The differential equation in Eq. (29) must be solved with appropriate boundary conditions.
First, take the a Schwarzschild BH for which V BH2,l (r → 2M) → 0, and a general solution in
the vicinity of the horizon is a spherical wave Ψ2,l(r∗, t) ∼ e−iω(t±r∗). Since nothing can escape
from the BH we must impose an inward-directed spherical boundary condition at the horizon
Ψ2,l(r∗, t) ∼ e−iω(t+r∗) , r∗ → −∞ (r → 2M) . (31)
In an asymptotically flat spacetime, the potential at spatial infinity tends to zero as well.
As second boundary condition we require for the solution to be a spherical outward-directed
wave at spatial infinity
Ψ2,l(r∗, t) ∼ e−iω(t−r∗) , r∗ → +∞ (r → +∞) . (32)
The boundary conditions in (31, 32) define the QNMs for a BH, and their physical meaning
can be understood as follows: We are interested in the dissipation of metric fluctuations
around a Schwarzschild BH. Thus the boundary conditions (31, 32) impose that perturbations
initially localized around the BH can either escape to infinity or fall into the BH, there is
no gravitational radiation coming from spatial infinity (or the horizon) that may continue
perturbing the BH. The eigenfrequencies obtained by solving Eq. (29) with the aforementioned
boundary conditions have both a real and an imaginary part, the latter giving the inverse of
the damping time τd of the corresponding mode, ω = Re[ω] + iIm[ω] ≡ Re[ω]− i2pi/τd.
For compact stars the situation is slightly different as they lack an event horizon. In order
to define the QNMs the boundary condition (31) must be replaced by a regularity condition
at the center of the star, while the condition (32) at spatial infinity is unaltered. This change
in the boundary conditions dramatically affects the spectrum of the QNMs of the compact
star with respect to the BH. This is evident from Fig. 8 where we compared the spectrum of
the QNMs of a compact star with those of a BH. We focus on the lowest axial gravitational
modes with s = l = 2. We consider the (unphysical) case of a CDS, and show the QNM
spectrum for different values of the compactness C close to the Buchdahl limit C = 4/9. As a
general result, already well known in the literature, we see that Im[ω] increases with decreasing
compactness. It is also interesting to note the distinction between curvature (empty circles)
and trapped (filled circles) modes [65]. Trapped modes exist only for ultracompact stars, i.e.
with C > 1/3, and they correspond to spacetime perturbations that become trapped inside
the potential. There are finitely many trapped modes, although their number grows when
compactness is increased because then the potential well becomes wider. The rest of the
spectrum consists of the curvature modes.
QNMs describe, by definition, dissipative properties of spacetime metrics. Consequently,
they play an important role in the ringdown phase, the last stage of a binary merger. During
the ringdown phase, the compact object created in the final state of the collision relaxes to a
stable state, and any distortion in its shape is dissipated in the form of GWs. The ringdown
phase of ultracompact objects has a remarkable feature. As the final object possesses an
17
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Figure 8: QNMs for a CDS for different benchmark values of its compactness. For comparison,
we also show (filled gray circles) the QNMs of a Schwarzschild BH.
unstable light ring, the primary signal of the ringdown phase results from the slow escape of
radiation trapped on the unstable circular orbit. Its frequency and damping time-scale are
associated to the orbital frequency and instability time-scale of circular null geodesics. This
means that the primary signal in the ringdown phase does not depend on the presence or
absence of an event horizon as long as the compact object has an unstable light ring. It is,
therefore, possible to distinguish between two master cases:
i) For BH the ingoing boundary condition at the horizon forces the ringdown waves to
cross the event horizon and fall into the BH. This implies that for a BH the QNMs
incidentally describe also the ringdown phase.
ii) In the case of an ultracompact object, the ringdown signal consists in the primary
light-ring ringdown modes (which are not QNMs but, as discussed before, radiation
trapped at the unstable null geodesic) followed by the proper modes of vibration of the
ultracompact objects, i.e. by its QNMs.
In the following, we shall elaborate more on the phenomenology of the ringdown phase
considering the ultracompact exotic stars discussed in section 2. Before proceeding, let us
stress that we computed the QNMs by numerically solving Eq. (29) together with the appro-
priate boundary data, as discussed before. However, a better physical intuition can be gained
by means of semi-classical methods, along the lines of [66–70].
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3.1 Gravitational echoes
In order to investigate the existence of gravitational echoes, we solve Eq. (26) numerically.10
This task requires both initial data (at t = 0) and boundary conditions (at the center of the
star and spatial infinity) properly chosen. We consider
Initial data :

Ψ2,2(0, r∗) = 0,
∂Ψ2,2
∂t
(0, r∗) = f(r∗).
BCs :

Ψ2,2(t, rc∗) = 0,
∂Ψ2,2
∂t
(t,∞) = −Ψ2,2
∂t
(t,∞).
(33)
The first boundary condition imposes regularity at the center of the star (with rc∗ ≡ r∗(r = 0))
while the second one corresponds to only outgoing waves at spatial infinity.11 Initial data
encodes the physical conditions of a post-merger phase where a perturbed compact object
is created in the final state of the collision. As a toy description, we follow the approach
of [12] and use an initial gaussian pulse centered at r∗ = rg and with spread σ, i.e. f(r∗) =
e−(r∗−rg)
2/σ2 .
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Figure 9: Gravitational echoes for compact stars governed by the LinEoS for different (but
uphysical) benchmark values of ω.
Fig. 9 depicts the time evolution of the signal ,Ψ2,l=2(t) ≡ Ψ2,l=2(t, r∗ →∞), for a highly
compact LinEoS. The strain is characterizedby a primary ringdown signal, that coincides
10This means that we analyze gravitational echoes at the linear order. General arguments indicate that
this approximation may not be appropriate for configurations that are almost as compact as BHs [71]. This
is an interesting point that deserves further study. However, we do not explore this issue any further since
our analysis is not focused on BH mimickers.
11The potential vanishes at spatial infinity and so Ψ(t, r) obeys the one-dimensional wave equation
∂2Ψ/∂t2 = ∂2Ψ/∂r2 solved by Ψ(t, r) = F1(r − t) + F2(r + t), where F1 (F2) describe waves advancing
toward (returning from) the boundary. Pure outgoing waves correspond to F2 = 0, and F1 trivially satisfying
∂Ψ/∂t = −∂Ψ/∂r.
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Figure 10: Power spectrum – after subtraction of the primary ringdown signal – for the
gravitational echoes displayed in Fig. 9. The vertical lines correspond to Re[ω] for the excited
QNMs.
with the ringdown signal of a BH, followed by a subsequent train of echoes. The latter
ring according to the QNMs of the ultracompact object. To better visualize this point, it is
instructive to compute the Fourier transform of the waveform, and then subtract the primary
BH signal. The resulting power spectrum is shown in Fig. 10 for the same benchmark values
as used in Fig. 9. The peaks in the power spectrum correspond, as numerically verified, to
the real parts of the QNMs in Fig. 8 excited by the initial pulse, shown by dashed horizontal
lines. The widths of these curves match the imaginary parts of the corresponding QNMs.
We are now in the position to comment about the detectability of GW echoes. The most
relevant quantity is the echo timescale defined in Eq. (16). In the left panel of Fig. 11 we show
this quantity (together with its inverse, the echo frequency fecho ≡ 2pi/τecho) as a function
of the compactness – or, equivalently, as a function of the parameter  defined in Eq. (21) –
for the CDS and the LinEoS. As discussed in section 2.1, the CDS provides an upper bound
for the echo frequency, see Eq. (18). This is consistent with the numerical analysis. The
horizontal shaded region corresponds to an echo frequency in the range fecho = [1, 4] kHz
for an ultracompact object with mass M = 2M (green) and MRR = 3.2M (pink), the
latter being known as the Rhoades-Ruffini limit for the maximal mass of NSs [73]. This
frequency range was adopted in Ref. [72] as a region for looking for post-merger signals. We
use it as a benchmark value for possible future detections. Fig. 11 shows that, for these
light objects, the detectability of GW echoes must rely on an unphysical EoS as the physical
branch ω 6 1 cannot sustain visible signals. As already noticed in [32] (see also [35]), a
compactness extremely close to the Buchdahl limit (at least  . 10−2) is indeed needed. We
remark that this conclusion depends on the value of M chosen to compute the echo frequency
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Figure 11: Left panel. Echo frequency as a function of the parameter  ≡ 1 − 4/9C for
CDS (black dashed) and maximally compact stars with LinEoS (black solid). The horizontal
shaded regions highlight the typical aLIGO/Virgo frequency range for the analysis of post-
merger signals [72]. Right panel. The red solid line identifies CDS and maximally compact
LinEoS stars with the same echo frequency fechoM .
fecho. Of course, for realistic values close to what we expect for ordinary NSs any speculations
about the possible relevance of GW echoes from physically motivated ultracompact objects
seems implausible, unless in the presence of a radically new state of matter incompatible
with causality. On the other hand, one can still speculate about the existence of exotic – yet
physical – ultracompact objects with mass M > MRR. In such a case, it would be possible to
move the shaded region in Fig. 11 towards physical values of the LinEoS. We shall return on
this possibility at the end of section 4.
We close this section with a final comment about the QNMs for a star sustained by the
LinEoS. In the left panel of Fig. 11 lines with constant τecho define two ultracompact star
configurations – the CDS and the LinEOS (the dashed and the solid black lines, respectively)
– characterized by the same echo timescale. In the right panel of Fig. 11 the red contour
marks maximally compact LinEoS stars (labeled on the x-axes by the value of ω) and the
corresponding CDS (labeled on the y-axes by the value of their compactness CCDS) with the
same τecho. For these two configurations the effective radial potential in Eq. (28) is very similar
(with differences in the star interior of order ∼ 1% (∼ 5%) for CCDS ' 0.444 (CCDS ' 0.438)).
This is because the difference in pressure and energy density between the CDS and the LinEoS
star is sizable only at small radial distance from the center, where the potential in Eq. (28)
is overwhelmingly dominated by the centrifugal barrier. Consequently one finds, with similar
numerical accuracy, the same spectrum of QNMs – thus, in general, ultracompact stars with
the same echo timescale will tend to have a similar QNM spectrum. In our particular case,
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this means that one can map the QNMs of a CDS computed in Fig. 8 into those of a LinEoS
star using the relation in Fig. 11 with a relatively decent accuracy.
Spherically-symmetric static configurations are idealized objects. In reality, the unavoid-
able presence of rotation breaks spherical symmetry giving rise to a configuration that is
axisymmetric. For this reason we shall next turn our attention to the role of rotation.
4 On the role of rotation
It is important to assess the validity of our results including the effects of rotation. For
slowly rotating stars this task can be accomplished by perturbing the static metric, as was
pioneered in [74,75]. The resulting slow-rotation expansion is well motivated for old NSs. The
fastest-spinning known millisecond pulsar, PSR J1748-2446ad [76], spins with a rate of nearly
716 revolutions per second corresponding to a period of 1.396 ms. Assuming M ' 2M
and R ' 13 km, one finds (using the Newtonian approximation for the moment of inertia,
I = 2/5MR2, and indicating with J the total angular momentum of the star) a dimensionless
spin parameter a˜ ≡ J/M2 ' 0.35, small enough to justify an expansion up to order a˜2 [74,75].
The setup we are interested in, however, is different, and one cannot exclude the formation
of a high-spinning remnant in the final state of the merger. For this reason, we opt for a general
analysis valid for arbitrary angular velocities. The only limiting condition is that the angular
velocity Ω of the rotating star must not exceed the Keplerian angular velocity ΩK (a.k.a. the
mass-shedding limit). The value of ΩK is defined by the angular velocity of a test particle
in equilibrium at the equatorial radius of the star, kept bound only by the balance between
gravitational and centrifugal force. In the static case the orbital angular velocity for a test
particle on the surface RJ=0 of a NS with mass MJ=0 is ΩJ=0K =
√
MJ=0/R3J=0.
To model the rotating star, we consider the stationary and axisymmetric spacetime in the
so-called quasi-isotropic coordinates [77,78]
ds2 = −N2dt2 + A2(dr2 + r2dθ2) +B2r2 sin2 θ (dφ− ωdt)2 , (34)
where N , A, B and ω are all functions of (r, θ).12 Note that ω has dimension of an inverse time
(frequency). It represents the dragging of inertial frames, that is the angular velocity of a zero
12 The coordinate r is not the same as the one used in Eq. (1). In the static, spherically symmetric limit
the metric in Eq. (34) reduces to
ds2 = −N(r)2dt2 +A(r)2 [dr2 + r2 (dθ2 + sin2 θdφ2)] , (35)
which is different compared to Eq. (1). In Eq. (35) r is the isotropic coordinate while in Eq. (1) r is the areal
radius. The relation between the two radial coordinates is particularly simple in the Schwarzschild region
outside the star where isotropic (riso) and areal (rar) radial coordinates are related by
rar = riso
(
1 + M2riso
)2
. (36)
The position of the light ring at rar = 3M , therefore, corresponds to riso/M ' 1.866 in isotropic coordinates.
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angular momentum particle falling from infinity to a coordinate location (r, θ). In our analysis
we assume that the star is rotating with an uniform angular velocity Ω. For later use, it is
important to remark that the form of the line element in Eq. (34) follows from the assumption
that i) spacetime is stationary and axisymmetric, ii) the two corresponding Killing vectors
commute and there is an isometry of the spacetime that simultaneously reverses t→ −t and
φ→ −φ,13 iii) spacetime is asymptotically flat and circular.
For static NSs – as for any other spherical, non-rotating, gravitating body – the exterior
spacetime is Schwarzschild. As a consequence, the light ring of ultracompact stars is always
located at r = 3M . From the discussion in section 1, this is not possible for ordinary static
NSs as they are not able to support the required compactness. The presence of rotation
substantially complicates the analysis since there is no equivalent to Birkhoff’s theorem for
axisymmetric rotating bodies, so the generic metric outside a rotating star is not the Kerr
metric. It is thus necessary to compute the position of the light rings without relying on BH
results.
In the equatorial plane θ = pi/2, the equations describing null geodesics take the form
t˙ = E − ω¯L
N¯2
, φ˙ = L
r2B¯2
+ ω¯(E − ω¯L)
N¯2
, r˙2 + 1
A¯2
[
−(E − ω¯L)
2
N¯2
+ L
2
r2B¯2
]
︸ ︷︷ ︸
≡Veff(r)
= 0 , (37)
where – due to stationarity and axial symmetry – there are two conserved quantities: the
energy of the particle, E, measured at infinity and the angular momentum of the particle, L,
evaluated with respect to the rotation axis. The dot represents the derivative w.r.t. an affine
parameter τ . In Eq. (37) we used the notation N¯(r) ≡ N(r, θ = pi/2) with similar definitions
for the other metric functions. Circular null orbits (light rings) are defined by the conditions
dr/dτ = 0, d2r/dτ 2 = 0 or, equivalently, by Veff = 0, dVeff/dr = 0. Explicitly, we have
(E − ω¯L)2
N¯2
= L
2
r2B¯2
, I(r) ≡ −
(

N¯B¯
∂ω¯
∂r
)
r2 +
(
1
B¯3
∂B¯
∂r
− 1
N¯B¯2
∂N¯
∂r
)
r + 1
B¯2
= 0
(38)
where  = ±1. The roots of I(r) define the positions of the light rings in the equatorial plane.
Once the position r? of a light ring is known, the first condition in Eq. (38), evaluated at
r = r?, gives the value of the impact parameter D ≡ L/E for the corresponding circular null
geodesic.
Let us start discussing the situation for ordinary NSs. We used the numerical code rns [79,
80] to numerically solve the Einstein’s equations for arbitrary angular velocity. We cross-
checked the numerical results using the Hartle-Thorne approximation in the limit of slow
rotation (see appendix C). For definiteness, we concentrate on one specific EoS among those
that are allowed by the bounds in Fig. 1, and we consider the WWF 2 EoS. The left panel of
Fig. 12 depicts the impact of rotation in the M-R plane. When including rotation, spherical
13Although reflection of time t → −t changes the direction of rotation, the metric is invariant under the
joint reflection of t and φ.
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Figure 12: Left panel. Impact of rotation on the M-R relation for NSs using the WWF 2 EoS.
In the presence of rotation, we identify the radius of the star with the equatorial circumferential
radius. We show two different values for the angular velocity: the Keplerian limit ΩK and
ΩK/2. Right panel. Function I(r) in Eq. (38) in the equatorial plane for the maximally
compact NS with Keplerian velocity identified with a star in the left plot. The vertical dotted
blue line marks the position of the surface of the star, r = req. For  = −1, the roots of
I(r) = 0 define the position of the light rings.
symmetry is lost and the star becomes an oblate spheroid with a polar and an equatorial
radius. We use the latter in the M-R plane.14 To illustrate the impact of rotation we consider
two NS, one rotating at the Keplerian limit Ω = ΩK and one with an intermediate angular
velocity Ω = ΩK/2. We recover the known result according to which rotation leads, in the
Keplerian limit, to a 20% (25%) increase of the mass (radius) of the star. Na¨ıvely, this
means that rotation does not significantly increase the compactness of the NS (defined now
as C = M/Req) compared to the static case, and one finds C < 1/3 in all realistic situations.
However, as anticipated before, to investigate the possible existence of a photon sphere we
14The equator of the star is the closed line defined by t = const and θ = pi/2 at the position of the surface of
the star where P = 0. It has a constant value of the coordinate r introduced by the metric in Eq. (34), r = req.
However, this is not a good definition for the equatorial radius of the star because it is a coordinate-dependent
quantity. A coordinate-independent characterization of the stellar equator is the equatorial circumferential
radius Req ≡ C/2pi, where C is the circumference of the star in the equatorial plane. From the metric (34) in
quasi-isotropic coordinates we obtain the operative definition
Req =
1
2pi
∮
r=req, θ=pi/2
ds = 12pi
∮
r=req, θ=pi/2
√
B2r2 sin2 θdφ2 = B(req, pi/2)req . (39)
As the definition of the mass M in the rotating case we use the gravitational mass defined as the common
value of the Komar and ADM mass [78].
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Figure 13: Left panel. Light rings for the maximally compact NS analyzed in the right panel
of Fig. 12 (see caption for details). Right panel. Null geodesics pointing towards the center
of the star for different values of the impact parameter. We mark in red the principal null
geodesic, i.e. the trajectory with impact parameter equal to the spin of the star.
need to solve Eq. (38) to estimate the positions of null geodesics.
In the right panel of Fig. 12 we show the behavior of I(r) as a function of the radial
coordinate r. We consider the Keplerian limit of the most compact static configuration
(corresponding to the red star in the left panel of Fig. 12). The choice  = +1 always
corresponds to strictly positive values of I(r) (dashed line in the right panel of Fig. 12).
In the case  = −1, on the contrary, the function I(r) has the possibility to vanish. This
is indeed the case in Fig. 12 where there are two roots corresponding to two distinct light
rings. Furthermore, from Fig. 12 it is evident that the ring located inside the star is stable
while the outer one is unstable. The surface of the star in the equatorial plane, r = req,
is marked with a vertical dotted blue line. We note that the existence of this light rings
structure follows from a general theorem recently proved in [62]. The theorem states that
every axisymmetric, stationary, ultracompact solution to the Einstein field equations that was
formed by gravitational collapse of matter obeying the null energy condition must possess at
least two light rings, one of them being stable.
In the left panel Fig. 13 we show the two light rings in the equatorial plane of the NS
expressed in terms of polar coordinates. As customary, to visualize the light rings we solved
the geodetic equation using the critical value of the impact parameters computed from the
first condition in Eq. (38). As an important result we find that, even if a static star is not
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sufficiently compact to possess a light ring it still has the possibility to feature an unstable
external light ring once rotation is taken into account. This applies, for instance, to the
specific NS we are considering in the present example. Consequently, it is not unreasonable,
to speculate about the possible existence of gravitational echoes.
The frequency of these echoes is estimated as the coordinate time needed to travel from
the external light ring to the center of the star and back along a null geodesic, as was done in
section 3.1. A representative sample of these trajectories, each one characterized by a different
impact parameter, is displayed in the right panel of Fig. 13. Among them, we compute fecho
along the so-called principal null geodesic (the one marked in red in Fig. 13). In analogy with
Kerr BHs, they are the geodesics whose impact parameter is equal to the angular momentum
of the star, D/M = a˜. For a NS with mass M = 2.5M we find fecho ' 16 kHz. This is
clearly too high to have phenomenological relevance.
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Figure 14: Left panel. We show in blue the impact of non-zero angular velocity on the M-R
relation for the maximally compact star with LinEoS. In the presence of rotation, the radius
of the star is defined by the equatorial circumferential radius (see Eq. (39)). Right panel.
Position of the internal stable and external unstable light rings for the maximally compact
star with LinEoS and ω = 1, as a function of the angular velocity. The blue dashed line
indicates the position of the surface of the star at radial distance r = req.
A more interesting case of ultracompact exotic stars is the LinEoS that saturates the
causality bound, P = ρ − ρ0. The impact of rotation on their M-R relation is illustrated in
the left panel of Fig. 14. The blue line represents the maximally compact configurations with
the angular velocity varying from 0 to the mass-shedding limit. The right panel of Fig. 14
depicts the position of the two light rings for each of the rotating solutions. In agreement
with the theorem stated in Ref. [62], we find an unstable external light ring and a stable
internal light ring. The left panel of Fig. 15 displays the echo frequency of the maximally
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compact LinEoS. It was estimated as the inverse of the coordinate time needed to travel along
the principal null geodesics from the external light ring to the center of the star and back.
The echo frequency decreases with the spin at most by ∼ 30% reaching its minimum at the
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Figure 15: Left panel. Echo frequency for the maximally compact star with LinEoS as a
function of the angular velocity (from the static configuration to the Keplerian limit). Right
panel. Metric function gtt in the equatorial plane for different angular velocity, from the static
configuration to the Keplerian limit. Since gtt < 0 the star never develops an ergoregion.
Keplerian limit. These results are in agreement with the findings of Ref. [32] who considered
CDS in the slow-rotating approximation.
BH mimickers, that are usually considered as prototypes of compact objects capable of
producing GW echoes, are often plagued by the ergoregion instability [81]. This means that,
unless the ergoregion instability operates on timescales much longer than a Hubble time, BH
mimickers are not viable candidates for GW echoes. The reason is that the GW emission
associated with the ergoregion instability would produce a strong stochastic background that
would already be in tension with the first observation run of aLIGO [82]. A possible solution
to this issue, as discussed in [83], is to construct the BH mimicker by replacing the horizon
with a reflective surface that has a non-zero absorption coefficient. A ∼ 0.5% absorption
rate at the surface seems to be enough to quench the instability completely. However, one
should not be misled by the smallness of this number: an absorption rate at the percent level
is indeed several orders of magnitude larger than the one for the NSs. It is unclear what
mechanism could cause such a big effect.
In the following we will show that, despite being ultracompact, LinEoS satisfying the
causality bound do not possess an ergoregion and, therefore, do not suffer from the ergoregion
instability.
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4.1 Ultracompact objects without an ergoregion instability
The ergoregion instability is turned on only after the star has developed an ergosphere [84].
The ergosphere is defined as the surface enclosing the ergoregion – the region where the
Killing vector kµ = (1, 0, 0, 0) becomes space-like, kµkνgµν = gtt > 0. A striking consequence
of this is that inside the ergoregion a stationary observer is forced to co-rotate with the
spinning compact object. Moreover, physical states with negative energy can exist within the
ergoregion. Consequently, an instability occurs because, roughly speaking, it is energetically
favorable to cascade down toward even more negative energy states.
From the line element in Eq. (34) we obtain that
gtt(r, θ) = −N(r, θ)2 + r2B(r, θ)2ω(r, θ)2 sin2 θ 6 gtt(r, pi/2) ≡ g¯tt . (40)
In the right panel of Fig. 15 we show the metric function g¯tt of the maximally compact star
with LinEoS saturating the causality bound for different values of the angular velocity, from
the static configuration to the Keplerian limit. As g¯tt < 0 it is seen that an ergoregion never
forms, not even for extreme values of angular velocity. We confirmed numerically that gtt < 0
remains true also outside the equatorial plane.
In conclusion, we have explicitly constructed an example of a physically viable (i.e. with an
EoS obeying physical assumptions) ultracompact object that is not affected by any ergoregion
instability.
5 Discussion and Conclusions
Are gravitational echoes phenomenologically relevant? Our analysis suggests that a neat echo
signal as the one expected from BH mimickers belongs to the realm of unphysical ultracompact
objects, like CDS or stars with LinEoS strongly violating (ω  1) the causality bound. This
is, in particular, illustrated by the left panel of Fig. 11.
However, in light of the result presented in section 4, it is still intriguing to ask whether
physically motivated exotic ultracompact objects supported by the maximally stiff LinEoS
may leave some imprint in GW interferometers. Let us elaborate more on this point, bearing
in mind that we shall keep the following discussion at a more speculative level.
5.1 Are physically motivated gravitational echoes detectable?
In [72], the LIGO scientific collaboration and the Virgo collaboration searched for GWs as-
sociated to the remnant of the binary NS merger GW170817 over a frequency range f =
[1024, 4096] Hz. This analysis shows that this frequency band is a good target for the detec-
tion of a post-merger signal. We are, therefore, in the position to speculate about potential
detection prospects. The scenario we have in mind is the following: Consider the merger of
two ultracompact exotic objects with LinEoS P = ρ−ρ0 discussed in this paper. In the initial
phase of the merger, at large separation distance, the two bodies are effectively point-like, and
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Figure 16: The aLIGO best sensitivity range for the merger of two exotic stars supported
by the LinEoS as a function of their equal mass M (left y-axis) and the luminosity distance
of the event (x-axis). We consider objects with maximal compactness C = 0.35. The green
regions corresponds to a signal-to-noise ratio above the nominal threshold ρ > 8. The yellow
band corresponds to the GW frequency range fISCO = [50, 1000] Hz. On the right y-axis we
show the typical echo frequency assuming the formation of a maximally compact exotic object
with LinEoS and mass M in the final state. Frequencies in the interval f = [1024, 4096] Hz
are typically used in the search for post-merger signals.
evolve according to Kepler’s third law. GWs are emitted with characteristic frequency that
is twice the orbital frequency of the inspiral motion. As the two objects get closer and closer,
their orbital distance decreases and their speed increases. The typical frequency that marks
the end of the inspiral phase is approximately fISCO = C3/2/33/2piMtot, where Mtot is the total
mass of the system, and we assume the same compactness C for the two merging bodies [85].
The merger and the ringdown phase are observable if the characteristic frequency fISCO falls
within the aLIGO sensitivity range, namely fISCO = [50, 1000] Hz. Furthermore, a detection
is possible only if the signal-to-noise ratio ρ is larger than a certain threshold, usually fixed
to be ρ > 8. For a GW with strain h(t), and Fourier transform h˜(f), the signal-to-noise ratio
can e estimated by the following integral in the frequency domain
ρ2 = 4
∫ ∞
0
∣∣∣h˜(f)∣∣∣2
Sn(f)
df , h˜(f) ≈
√
5/24
pi2/3DL
M
5/6
C f
−7/6 , (41)
where Sn(f) is the noise power spectral density [86], MC the chirp mass, DL the luminosity
distance, and where we used the quadrupole approximation truncated at the Newtonian order
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for h˜(f). To give an idea, in Fig. 16 we consider fixed compactness C = 0.35, and we show
in green the region of the plane (M, DL) in which ρ > 8. For simplicity, we consider equal
masses M1 = M2 = M . We superimpose, in yellow with diagonal meshes, the region where
fISCO = [50, 1000] Hz. We conclude that aLIGO and VIRGO are sensitive to the merger of
exotic compact objects with M ∼ O(10)M. The frequency fISCO for such masses is close to
the lower end of the sensitivity interval, and it should be possible to detect and reconstruct
the waveform corresponding to the post-merger phase. We expect sizable deviations w.r.t.
the merger of two BHs with the same mass, because of finite-size effects due to different com-
pactness and tidal deformations [85]. However, we are not aware of any numerical simulation
done in our setup, and it is not simple to predict how the extreme stiffness of the EoS will
influence the shape of the waveform. The only point that we want to make in the present
discussion is that, once the mass M of the final state object originating from the merger is
specified, it is possible to compute the echo frequency as illustrated in section 3. We are
implicitly assuming here that an exotic ultracompact object with a maximally stiff LinEoS
is created in the final state. On the right-y axis in Fig. 16 we show the echo frequency fecho
corresponding to M (where now M is the mass of the final state object). Interestingly, an
hypothetical signal lies in the frequency interval f = [1024, 4096] Hz quoted by the analysis
championed in [72].
We argue that it is in principle possible to detect a signal associated to the presence of
the unstable light ring encircling an ultracompact exotic object supported by the maximally
stiff EoS P = ρ − ρ0. Of course, the characteristic shape of such “echo” signal is not simple
to predict if the object is not asymptotically close in compactness to the Buchdahl limit,
and only a numerical simulation can reveal whether the presence of the photon sphere in a
maximally stiff object affects or not the post-merger dynamics. A study in this direction
using publicly available codes [89] is underway.
5.2 Summary
In the following, we summarize our findings.
◦ In section 2 we considered static, spherically symmetric. We argue that perfect fluid
stars are the most likely candidates for ultracompact (i.e. with R < 3M) objects,
and, under a number of physical assumptions listed in section 2, we identified the EoS
P = ω(ρ − ρ0) as the one that is able to support the most compact fluid stars. We
stressed the role of the causality constraint that imposes the condition ω 6 1. This
result is per se not new in the literature. However, we presented the material in a fairly
original way, making use of simple analytical considerations to support our conclusions
and drawing parallels between perfect fluid stars, boson stars and exotic objects that
do not respect the physical assumptions on which our analysis is based.
◦ In section 3 we analyzed the solutions discussed in the previous point having in mind
the possibility that such ultracompact objects, if involved in the final state of a merger
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process, generate gravitational echoes. The most original part of our material is con-
centrated in section 4, where we studied the effect of non-zero rotation. We found that,
even for angular velocity close to the Keplerian limit, the ultracompact objects discussed
in sections 2, 3 – despite being characterized by the presence of a stable internal light
ring – do not develop an ergoregion, and are not affected by ergoregion instabilities.
Our main conclusion is that ultracompact objects supported by physical EoS are not able
to generate gravitational echoes like those that characterize the relaxation phase of a BH
mimicker. This result is in agreement with the findings of Ref. [35], that we complemented
here with a comprehensive analysis of rotation.
However, the message we would like to convey is not entirely negative. The age of GW
astronomy has just started and, in light of the tremendous amount of data that is expected in
the next years, we must leave no stone unturned in our quest for new phenomena beyond the
current knowledge of GR, particle physics and nuclear physics. In this respect, we believe that
the ultracompact solutions found in this paper deserve further study. The extreme stiffness
of the EoS P = ρ − ρ0, together with the existence of an external unstable light ring and
the absence of ergoregion instabilities, may cause distinctive signatures in a merger event if
compared with ordinary NSs or BHs. Furthermore, it would be interesting to understand
under which conditions, if any, standard (or exotic) matter is able to support such stiff EoS.
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A The Buchdahl limit and related results
The Buchdahl limit (8) can be stated as an upper bound on the compactness, C ≤ 4/9, of non-
rotating fluid stars. It holds under the mild assumptions on the EoS laid out in section 2 and
the requirement that no region of a spherically symmetric star can be inside its gravitational
radius, r > 2m. In this appendix we will derive an inequality that allows us to compare
fluid stars with different mass profiles. The Buchdahl limit is then obtained by comparing
viable fluid stars with constant density stars. Finally we list some inequalities relating central
pressure and compactness.
Throughout this section we assume that ρ, eν , eλ > 0 everywhere. First we prove the
following statement comparing two stars with known mass and anisotropy profiles:
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Take two stars with the same mass M and radius R. If their mass and pressure anisotropy
profiles satisfy
m(r) > m¯(r) , eλ(r)/2
[(
m(r)
r3
)′
− 8pi∆(r)
r
]
6 eλ¯(r)/2
[(
m¯(r)
r3
)′
− 8pi∆¯(r)
r
]
(42)
and ν ′(r)ν¯ ′(r) > 0, where the unbarred quantities correspond to the first and the barred quan-
tities to the second star, respectively, then the components of the metric satisfy
eλ(r) > eλ¯(r) , eν(r) 6 eν¯(r) . (43)
The inequality (43) is saturated if and only if (42) is saturated.
The first inequality in (43) is trivially equivalent to the first inequality of (42) by the rela-
tion between eλ and m. To prove the second inequality we start by eliminating pressure from
the Einstein and continuity equations (3-5). Taking the first derivative of the rr component
of the Einstein equations and then using the tt and continuity equations we obtain
(
m
r3
)′
− 8pi∆
r
= B
A
(
BA′
r
)′
, (44)
where we denoted A ≡ eν/2, B ≡ e−λ/2 ≡
√
1− 2m/r for the sake of compactness. By
(44) the second inequality in (42) is equivalent to (BA′/r)′ /A 6
(
B¯A¯′/r
)′
/A¯. It can be
recast as
[(
BA¯A′ − B¯AA¯′
)
/r
]′
6 A′A¯′
(
B − B¯
)
/r 6 0. The last inequality holds because
B 6 B¯ and the assumption ν ′(r)ν¯ ′(r) > 0. Integrating in the range [r, R] then gives (BA¯A′−
B¯AA¯′)/r > 0, where we used that, by Birkhoff’s theorem, the exterior solutions match, i.e.
B(R) = A(R) = B¯(R) = A¯(R), B′(R) = A′(R) = B¯′(R) = A¯′(R). Again, using B 6 B¯ we
obtain A′/A > A¯′/A¯. After, again, integrating in [r, R] and using Birkhoff’s theorem we get
A¯ > A, which proves (43). Since for a given m(r) and ∆(r) the metric is determined uniquely,
saturation of (42) implies the saturation (43) and vice versa.
Consider now stars with a monotonously decreasing density profile and a non-negative
pressure anisotropy,
ρ′(r) 6 0 , ∆(r) > 0 , (45)
These conditions are saturated by a CDS. Note that the condition ρ′ 6 0 is equivalent to
(m/r3)′ 6 0: Integrating the latter in [r, R] gives m/r3 > M/R3. So, Eq. (45) implies (42)
with m¯ = mCDS ≡ Mr3/R3 the CDS mass profile and ∆¯ = 0. Finally, (45) also implies
that the condition ν ′(r)ν¯ ′(r) > 0 is satisfied: Since ν¯ = νCDS we have ν¯ ′ > 0 and, by using
the notation introduced above, (44) now implies that (BA′/r)′ 6 0 which after integration
in [r, R] and applying the exterior at the boundary solution gives M/R3 6 B(r)A′(r)/r and
thus ν ′(r) > 0 as long as ν ′ is continuous at the boundary.
In conclusion, for stars satisfying the condition (45) the following holds:
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i) The components of the metric are bounded by the corresponding components of the
CDS
eν(r) 6 eνCDS(r) =
3
2 (1− 2C)
1/2 − 12
(
1− 2Cr
2
R2
)1/22 ,
eλ(r) > eλCDS(r) =
(
1− 2Cr
2
R2
)−1
.
(46)
ii) They satisfy the Buchdahl limit (8)
C 6 49 , (47)
as a result of the requirement eν(r) > 0.
iii) The coordinate time required for light to travel from the photon sphere to center of the
star and back, i.e. the characteristic time delay for gravitational echoes, satisfies (see
Eq. (18) for the explicit expression)
τecho/M 6 (τ/M)echo,CDS . (48)
This follows trivially from dτ/dr ≡ exp[(λ− ν)/2] and Eq. (46).
The condition (45) is automatically satisfied for perfect fluid stars that obey the weak
energy condition (10) and are microscopically stable (11): The r.h.s. of the TOV equation
(6) is negative when ρ, P > 0 and r > 2m, so, by dρ/dP > 0, we obtain ρ′ = (dρ/dP )P ′ 6 0.
As ∆ = 0 by construction, both conditions in (45) are fulfilled. Moreover, we can replace the
assumption ∆ = 0 with ∆ > 0 and the conclusions remain valid, since the the r.h.s. of the
TOV equation (6) will still guarantee P ′ > 0.
In the case of isotropic stars we can make use of the internal solution (9), which we repeat
here for convenience
eν(r)/2 = e−λ(R)/2 exp{−H[P (r)]} , r 6 R . (49)
For isotropic stars obeying the weak energy condition and microscopic stability the central
pseudoenthalpy thus satisfies
H(Pc) > − ln
[3
2 (1− 2C)
1/2 − 12
]
, (50)
where Pc stands for the pressure in the center of the star. This inequality follows from the
internal solution (9). Importantly, the r.h.s. diverges when C → 4/9, i.e. as the as the
compactness approaches the Buchdahl limit (8). Because H(P ) is a monotonously growing
function of pressure, the inequality (50) implies a lower bound on pressure, or equivalently,
an upper bound on compactness when the central pressure is known.
A more specific relation to pressure can be obtained by imposing causality, or more gener-
ally, the condition ∂P/∂ρ 6 ω. Integrating in the range P ∈ [0, Pc] then gives ρ > ρ0 + P/ω,
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Figure 17: The density profiles of a compact massive boson star (C = 0.156) with λ = 1000
and φc = 0.02σ0 (left panel) and compact solitonic boson star (C = 0.30) with σ0 = 0.05 and
φc = 1.09σ0 (right panel). Both configurations are the heaviest allowed by their potentials.
The results are presented in units where µ = 1. The vertical line denotes the sphere containing
99% of the stars mass.
where ρ0 ≡ ρc−Pc/ω > 0 and ρc is the central density. Thus H(P ) 6 ∫ dP/(ρ0 +P (1+1/ω))
which together with (50) yields
Pc/ρ0 >
ω
ω + 1
(3
2 (1− 2C)
1/2 − 12
)−ω+1
ω − 1
 . (51)
In particular, the pressure diverges when compactness approaches the Buchdahl limit.
B Boson stars
Consider boson stars consisting of a complex scalar field Φ. The field equations are solved
with the stationary ansatz, Φ = φe−iωt, obey the equations
m′ = 4pir2ρ ,
ν ′
2reλ =
m
r3
+ 4piPr ,
φ′′ =
(
λ′ − ν ′
2 −
2
r
)
φ′ + eλ
(
−e−νω2φ+ V ′/2
)
,
(52)
where V (|Φ|) ≡ V (φ) is the potential of the scalar field and e−λ ≡ 1 − 2m/r. The energy
density, radial pressure and tangential pressure are
ρ = e−νω2φ2 + e−λ(φ′)2 + V ,
Pr = e−νω2φ2 + e−λ(φ′)2 − V ,
Pt = e−νω2φ2 − e−λ(φ′)2 − V ,
(53)
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respectively. The pressure anisotropy therefore reads ∆ = 2e−λ(φ′)2. These equations provide
a closed system and imply the continuity (5) and the TOV equation (6). The boundary
conditions at the origin read m(0) = 0, ν(0) = νc, φ(0) = φc, φ′(0) = 0, while at the spatial
infinity we require that the field decays exponentially, φ ∝ e−r
√
µ2−ω2/r. The ground state
frequency is the smallest frequency ω for which the latter condition is satisfied.
Density profiles of a massive boson star, V (Φ) = µ2|Φ|2 +λ|Φ|4, and a solitonic boson star,
V (Φ) = µ2|Φ|2(1−|Φ|4/σ20)2, are given in Fig. 17. Both solutions are obtained by numerically
solving the represent the system of equations (52) and using the shooting method to find ω.
They represent the heaviest stars possible with λ = 1000 and σ0 = 0.05, respectively, and
have a compactness close to the maximal compactness allowed in their respective class of
boson stars. The violation of condition (7) (or (45)) for the Buchdahl bound is clearly seen
in the solitonic boson star but not in the massive boson star.
We remark that it is possible to construct boson stars that possess light rings even if
C < 1/3. In such cases the exterior unstable light rings are created by the matter distri-
bution, instead of being inherited from the exterior Schwarzschild metric, as is the case for
ultracompact objects. For example, solitonic boson stars can acquire a light ring pair due to
their high density shell depicted in Fig. 17 [87]. Mini boson stars provide another example
as they can develop a light ring due to a central density peak, although sufficiently peaked
configurations are only found in the unstable branch [88].
C Comparison with the Hartle-Thorne approximation
The metric best-suited for the slow-rotation expansion [74,75] is based on the quasi-Schwarzschild
coordinates (t, r, θ, φ) describing – in full generality – the line element
ds2 = gµνdxµdxν = −H(r, θ)2dt2 +Q(r, θ)2dr2 + r2K(r, θ)2
{
dθ2 + sin2 θ [dφ− ω(r, θ)dt]2
}
.
(54)
Expanding up to the second order in the angular velocity of the star Ω, the spacetime geometry
takes the form
ds2 = −
{
eν [1 + 2h0 + 2h2P2(cos θ)]− ω2r2 sin2 θ
}
dt2 − 2ωr2 sin2 θdtdφ (55)
+ eλ
{
1 + 2 [m0 +m2P2(cos θ)]
r −m
}
dr2 + r2 [1 + 2 (v2 − h2)P2(cos θ)]
(
dθ2 + sin2 θdφ2
)
,
where ν = ν(r), λ = λ(r), m = m(r) are the metric functions and mass of the corresponding
static solution, and P2(cos θ) is the Legendre polynomial of second order. The angular velocity
of local inertial frames ω(r) is proportional to Ω while the functions h0(r), h2(r), m0(r), m2(r),
v2(r) are of order Ω2, and must be calculated from the Einstein equations. We follow the
procedure outlined in [74,75], and we refer the interest reader to these original references for
the details of the computation.
We implement the Hartle-Thorne approximation for the equation of state P = ω(ρ− ρ0).
To validate our solutions, we start discussing the I-Love-Q relations [90, 91]. The I-Love-Q
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are universal relations between the moment of inertia I, the tidal Love number λ and the
quadrupole moment Q that are independent of the EoS.15 We follow the standard computation
for I, Q and λ [91]. The only subtle point arises in the computation of the Love number
because we are dealing with a case in which the density does not vanish at the surface of
the star. As a consequence, one needs to include the effect of the discontinuity with the
external spacetime in the computation of λ [92]. The true origin of the universality dictated
by the I-Love-Q relations is still unknown16 but it is conjectured that they are valid to
approximately 1% accuracy for any physically reasonable EoS provided that i) the stars do
not rotate maximally, ii) magnetic fields are not extremely strong, and iii) GR is valid. The
I-Love-Q relations, therefore, must apply also to the maximally stiff EoS P = ω(ρ− ρ0). Our
results complement the ones presented in [94] in which the I-Love-Q relations were tested
for a piecewise EoS that matches a tabulated NS EoS at low densities, while matching a
stiff EoS in the high-density region. In Fig. 18 we show the three I-Love-Q relations in the
case saturating the causality condition ω = 1. For comparison, we also show the result for a
polytrope with index n = 1. As expected, the I-Love-Q relations are valid for our maximally
stiff LinEoS, and we find an excellent agreement with the universal fitting function proposed
in [91].
We now move to discuss the main point of this appendix, that is the comparison with the
numerical results presented in section 4. In particular, we shall investigate the formation of
the ergoregion in order to validate the result presented in the right panel of Fig. 14. In Fig. 19
we show the metric function gtt in the equatorial plane computed by means of the Hartle-
Thorne approximation for increasing values of the angular velocity, from Ω = 0 to the mass
shedding limit Ω = ΩJ=0K . In the left panel, we focus on the case with ω = 1, and we consider
a configuration that in the static limit is close to the maximal allowed compactness. We find
that it is difficult to form an ergoregion even for extreme values of the angular velocity. In
the comparison with Fig. 14, the reader should keep in mind the Keplerian limit ΩK used in
section 4 does not coincide with the corresponding value in the static case. On the contrary,
since the equatorial radius satisfies Req > R, at mass-shedding we have in general ΩK < ΩJ=0K .
Numerical studies suggest that ΩK ≈ 0.75 ΩJ=0K , and one should trust the computation in
Fig. 19 at most up to this value (black solid lines) thus validating the result in Fig. 14 according
to which there is no ergoregion even in the Keplerian limit. For completeness, in the right
panel of Fig. 19 we show the same computation for the non-physical case with ω = 102. In this
case the star can be much more compact (see Fig. 2), and an ergoregion is present even for
moderately small values of the angular velocity thus leading to the presence of a potentially
dangerous ergoregion instability that usually plagues ultracompact BH mimickers. Finally,
we compute the light rings in the Hartle-Thorne spacetime. As done in the right panel of
15We define, as customary, the dimensionless quantities I¯ ≡ I/M3, Q¯ ≡ Q/M3a˜2, λ¯ = 2ktid2 /3C5, where ktid2
is the tidal apsidal constant. Notice that we use the value of the mass computed in the static limit (Mstatic
in the figures of this appedix).
16Ref. [93] suggests that universality arises as an emergent approximate symmetry related to the iso-density
contours of the star.
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Figure 18: I-Love-Q relations for the maximally stiff equation of state P = ρ − ρ0 (red solid
lines) computed by means of the Hartle-Thorne approximation. For comparison, the empty
blue circles represent the I-Love-Q relations for a polytrope with n = 1.
Fig. 14, we consider the maximally compact star with LinEoS and ω = 1. In the equatorial
plane, the equation for null geodesics takes the form
r˙2 +
[
E2gφφ + 2ELgtφ + L2gtt
grr(gttgφφ − g2tφ)
]
︸ ︷︷ ︸
V HTeff (r)
= 0 , (56)
where the metric functions follow from Eq. (55) with θ = pi/2. The position of the light rings
can be obtained by imposing the conditions V HTeff (r) = 0, dV HTeff (r)/dr = 0. In practice, the
light rings are defined by the roots of the equation
D2g′tt + 2Dg′tφ + g′φφ = 0 , D =
−gtφ + 
√
g2tφ − gttgφφ
gtt
, (57)
where D ≡ L/E is the impact parameter,  = ±1, and ′ indicates the derivative w.r.t. r. We
show our result in Fig. 20 where we plot the position of both the internal stable and external
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Figure 19: Metric component gtt in Eq. (55) in the equatorial plane as a function of the radial
Hartle-Thorne coordinate r normalized to the static mass for different values of the angular
velocity. We use the LinEoS P = ω(ρ−ρ0) with ω = 1 (left panel) and ω = 102 (right panel).
In both cases we perturb the static configuration with the maximal allowed compactness (see
Fig. 2).
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Figure 20: Position of the light rings in the equatorial plane as a function of the angu-
lar velocity. We perturb the maximally compact star with LinEoS using the Hartle-Thorne
approximation.
unstable light rings as a function of the angular velocity. Notice that, by construction, outside
the star the Hartle-Thorne metric falls back into the Schwarzschild metric in the limit of zero
angular velocity. It follows that, in this limit, the position of the external light ring must
converge towards the value r = 3M , as numerically verified in our computation.
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